All physical systems are, to some extent, affected by the environment they are surrounded by. For this reason, a clear understanding of the physical laws governing the evolution of classical and quantum open systems is of fundamental importance to a diverse community in physics. In this context, the ability to determine whether or not the evolution of a given open system may be well described by a classical memoryless (Markovian) model instead of a memory-keeping non-Markovian process (either classical or quantum) is of quite general interest [1, 2] . Remarkably, non-Markovianity of quantum evolutions is emerging as a resource for quantum technological applications [3] [4] [5] [6] [7] and the key to characterise the nature of fundamental (charge and energy) transport processes in biological aggregates [8, 9] and complex nanostructures [10] . Special forms of Bell-like inequalities in time serve as useful tools to detect deviations from any possible classical Markovian description [11, 12] .
All physical systems are, to some extent, affected by the environment they are surrounded by. For this reason, a clear understanding of the physical laws governing the evolution of classical and quantum open systems is of fundamental importance to a diverse community in physics. In this context, the ability to determine whether or not the evolution of a given open system may be well described by a classical memoryless (Markovian) model instead of a memory-keeping non-Markovian process (either classical or quantum) is of quite general interest [1, 2] . Remarkably, non-Markovianity of quantum evolutions is emerging as a resource for quantum technological applications [3] [4] [5] [6] [7] and the key to characterise the nature of fundamental (charge and energy) transport processes in biological aggregates [8, 9] and complex nanostructures [10] . Special forms of Bell-like inequalities in time serve as useful tools to detect deviations from any possible classical Markovian description [11, 12] .
In this paper, we assess non-Markovianity of a quantum open-system dynamics through the violation of one of such inequalities using a controllable Nuclear Magnetic Resonance (NMR) system [13] . We establish a clear relation between the violation of the addressed temporal Bell-like inequality and the non-divisibility of the effective evolution of our system, which we fully characterize experimentally in a broad range of experimentally controllable situations.
Temporal Bell-like inequalities such as those originally proposed by Leggett and Garg embody methods to investigate the possibility to witness macroscopic coherence in the state of a system [14] . Starting from the classically valid assumptions that, in principle, measurements can be made on a system without affecting its subsequent evolution (known as the "non-invasive measurability" assumption) and, at any instant of time, the system itself will be in a well-defined state among those it has available (embodying the assumption of "macroscopic realism"), the inequalities set in Ref. [14] provide a benchmark for any dynamics conforming to our classical intuition. The violation of such inequalities, which are built by combining time correlators of a suitably chosen observable of the system, rule out the framework defined by the two assumptions above and that is commonly intended as macrorealism, have been recently reported in setups based on linear optics [15, 16] , NMR [17, 18] , superconducting quantum circuits [19] , spin impurities in silicon [20] and a nitrogen-vacancy defect in diamond [21] .
Going somehow beyond the framework of macro realism, it has been found that time correlators can also be arranged in special inequalities that help detecting deviations from a classical memoryless dynamical map [1] . One of such inequalities can be cast into the form [11] |L Q (t)| = |2 Q (t)Q(0) − Q (2t)Q(0) | ≤ Q max Q (0)
withQ a suitable observable of the system, Q (t 1 )Q(t 2 ) its two-time autocorrelation function, and Q max the maximum taken by the expectation value Q (calculated over the state of the system at hand) and that should simply be interpreted as a normalization factor. Eq. (1) holds under the assumption of memoryless (or Markovian) evolution of the system. Under proper conditions on the time-dependence of the autocorrelation functions [11] , and retaining the non-invasive nature of the measurements ofQ, this inequality embodies a test of macrorealism and is fully equivalent to the Leggett-Garg one [11, 14] . However, in general, the two inequalities are not the same and we shall refer to Eq. (1) as the extended LeggettGarg (LG) inequality. The right-hand side of this inequality is calculated assuming a classical stochastic Kolmogorov framework [1] . In a nutshell, this implies that the dynamics of the system can be described by the classical stochastic mapṗ(t) = M(t)p(t), where p(t) is the vector of single-time probabilities for the stochastic process at hand, and M(t) is a time-dependent matrix whose entries satisfy the Kolmogorov conditions M i j ≥ 0 (for i j), M ii ≤ 0, and j M i j = 0 (for any i) [1] . When the bound imposed on the two-time correlators by Eq. (1) is violated, the system fails to satisfy such assumption and its stochastic dynamics departs from a classical Markovian one [12] . In order to test the inequality experimentally and in a controlled setting, we have used the NMR set-up consisting of 1 H and 13 C nuclear spins in a liquid sample of Carbon-enriched chloroform in deuterated solvent [22] . In what follows, we will identify the system of interest S with the 13 C nuclear spin and the environmental two-level system E with the 1 H ones. The nuclear spins of the two atomic species have Larmor frequency ω E /2π ≈ 500 MHz and ω S /2π ≈ 125 MHz, and each can be seen as a two-level system [22] . Mutual interaction between them is enforced by an Ising-like term of the form H I = 2πJÎ Figure 1 : Sketch of the rf pulse-sequence for state preparation and evolution. Part (a) and (b) show the steps for the initial state preparation. Starting from a thermal equilibrium state of the S and E qubits, we apply the pulse sequence shown in part (a) of the figure to generate the stateρ = (1 − ε)1 1/4 + ερ 1 with ρ 1 = |00 00| S E . We use the notation-shortcut (θ) α to indicate a qubit rotation by the angle θ about the direction α = ±x, ±y, ±z. Moreover, stand for length of the evolution of the qubits under their mutual coupling and G z for a pulsed gradient field applied over the qubits. Such field dephases the state of S and E leaving only the diagonal elements of the density matrix unaffected. This results in stateρ. In part (b) wet make use of two more pulses to create the desired state of the register. The 13 C nuclear spins are prepared in the state |+ S or |− S , depending on the phase of the rf pulse it is subjected to. On the other hand, the 1 H spins are prepared in state |θ E = cos θ|0 E + sin θ|1 E thanks to a properly chosen single-qubit rotation (2θ) y . Part (c) sketches how to implement the effective coupling between the nuclear spins for a time t. Note that this part of evolution is divided in two intervals, each of length t a and t b . During t a = (1 − J eff /J) t a decoupling sequence is applied to the 1 H nuclear spin so to refocus the evolution under the Ising-like coupling. As the decoupling sequence must work for every initial state, we choose the sequence XY-8 to accomplish this result (cf. Ref. [24] for details). During t b = (J eff /J) t the system evolves freely. The net effect at t = t a + t b is to implement an evolution under the effective coupling strength J eff . The n-fold repetition of the XY-8 scheme maintains the desired effective coupling during the whole time-window of the evolution of the qubits.
In the reminder of this paper, we will work in the interaction picture with respect to the free Hamiltonian of both S and E, so that only the Ising-like term will be retained. At room temperature, the ratio ε S ,E = ω S ,E /4k B T between the energy gap of each two-level system and the thermal energy is typically of the order of 10 −5 (here k B is the Boltzmann constant and T the operating temperature). This means that the density matrix of the system can be written in the hightemperature approximation as ρ = 1 1/4 + ε S ∆ρ. The term ∆ρ is known as the deviation matrix and contains all the information about the state of the sample [22] . A combination of a series of radio-frequency(rf) pulses of appropriate length, phase and amplitude, all of which embody unitary transformations on ∆ρ, joint evolutions under the spin-spin interaction given above, and temporal/spatial averaging procedures [23] , allow us to manipulate the state of the sample with an excellent degree of control. The experimental reconstruction of such state requires the application of a specific sets of rf pulses to ∆ρ [22] . Fig. 1 shows the rf pulse-sequence used in this work to prepare the initial state of the sample and evolve it. Part (a) and (b) of the sequence are used to prepare the initial states |+ and |− of S , i.e., the eigenstates of the Pauli x operatorσ S x associated with eigenvalue ±1 (the first is obtained when the phase of the rf pulse shown in green is y and the second when it is x), and |θ = cos θ|0 + sin θ|1 for the environment. After the preparation of the respective states, S and E are made to evolve under the influence ofĤ with a specific value of the coupling strength and for a time interval t = n τ (for n = 0, 1, 2, 3, . . . and τ = 250µs). The actual value of J (determined by the nature of the sample) can be decreased to virtually any value J eff < J by using a decoupling pulse sequence, named XY-8, to refocus the Ising-like coupling and thus yield the desired value of the interaction strength [24] .
In order to show that the dynamics experienced by the system only (i.e., the one obtained by tracing out E) indeed violates the generalised LG inequality, thus deviating from the assumptions of a classical Markovian dynamics, we have prepared S in |+ S and let it evolve together with the environmental qubit according to Eq. (2). Moreover, we have chosen to consider the system's observableQ = |+ +| S , so that Q max = Q(0) = 1 and Eq. eqrefextended can be written in the simplified form
The two-time correlation functions of our choice forQ can be straightforwardly evaluated from the evolved density matrices of S . We have thus reconstructed the evolved S -E density matrices at various instants of their evolution using standard experimental techniques for quantum state tomography in NMR [22] . From these data, the reduced state of S , and thus the two-time correlation function, have been easily extracted.
As shown in the Appendix, the average fidelity between the theoretical states and the reconstructed density matrices is as large as 0.992±0.003 across the whole sample of states probed in our experiment. Fig. 2 (a) shows the experimental behavior of the extended LG function within an evolution time of 10ms for J = 215.06Hz and the environment initially prepared in the state |θ = π/3 E . Besides showing a remarkable agreement with the theoretical predictions (see the Appendix), the data shown in Fig. 2 (a) reveal the considerable unsuitability of a classical memoryless picture for the description of the dynamics of S , therefore falsifying experimentally any classical Markovian picture to describe its evolution. To the best of our knowledge, this is the first experimental test of Eq. (3) in a controlled scenario. Two important features should be noticed at this point: First, as shown in the Appendix and verified in our experiment, the violation of Eq. (3) in our model is independent of the environmental state as the two-time correlation function ofQ does not bear any dependence on θ. Second, the falsification of the extended LG inequality Eq. (1) [or Eq. (3)] does not provide a conclusive statement on the reasons behind the deviation of our experimentally inferred L Q (t) function from a classical Markovian picture. Classical non-Markovian as well as a quantum Markovian maps may equally violate an extended LG inequality, and we now aim at shedding light on the reasons behind the behavior revealed by our experimental observations. In order to do so, we start proving that the dynamics undergone by S is strongly non-Markovian according to some quantitative measure.
We remark that the temporal evolution of S can be described by using the theory of quantum channels in terms of the dephasing map [25] 
where we have introduced the time propagator of the S -E system U(t) = exp[−iĤt], the elements of the system's density matrix ρ i j = S i|ρ S (0) | j S (i, j = 0, 1), and the E-dependent dephasing rate η θ (t) = e −iπJt cos 2 (θ) + e iπJt sin 2 (θ). Eq. (4) is well suited for making a comparison with the results of our experiment. By measuring the transverse magnetization σ S − (t) of the system qubit at various instants of the evolution, we have determined the trend followed experimentally by η θ (t) for given choices of the environmental state and the Ising coupling rate. The data have been found to be in excellent agreement with the theoretical predictions, as shown in Fig. 2 (b) for S prepared in |+ S and θ = π/3 (two more choices of initial system's state are discussed in the Appendix).
Notwithstanding the closed form of the evolved state of the system, we would like to write ρ S (t) in a form that can be readily connected to the non-Markovian features of the dynamics it is undergoing. To this end, we exploit the formal apparatus discussed in Refs. [26, 27] for deriving a time-local master equation starting from Eq. (4) and find (see the Appendix) (5) with the effective Bohr frequency and dephasing rate
while γ embodies the standard dephasing rate of the system's state due to the fluctuating environment surrounding the NMR sample. An experimental estimate leads to the value γ 5Hz. As we have so far operated at J γ and within an evolution window much shorter than γ −1 , we could safely neglect any influence of such environmental mechanism, as also demonstrated by the excellent agreement between theoretical predictions and actual experimental data shown in Fig. 2 . Eq. (5) shows very clearly that the systemenvironment coupling gives rise to a time-dependent dephasing mechanism that affects the coherence of the S state as
, leaving the populations unaffected. Moreover, the negativity of the total time-dependent dephasing rate γ + g(t) at some instant of time during the evolution of S would signal the break-down of the divisibility condition of the underlying dynamical map and thus its non-Markovian nature, as stated by the criterion proposed in Ref. [28] .
Such formulation of the system's dynamics is useful in two respects: first, it allows us to link the behavior of the transverse magnetization to the effective dephasing rate of the system's evolution. The comparison between the experimentally measured transverse magnetization and φ(t) enables the identification of the trend followed by f (t) and g(t). Second, it provides an experimental route to the characterization of the non-Markovianity of Eq. (5). Indeed, using the data for the transverse magnetization, we have inferred the full experimental form of φ(t) using the relations g(
Using this approach, we have performed an effective tomography of the master equation followed by the system qubit S . In Fig. 2 (c) [dashed line] we report the comparison between the experimentally inferred g(t) and the second line of Eq. (6) . The data demonstrate unambiguously the occurrence of ample regions of negativity of g(t) for the value of the relevant parameters entering Eq. (5), and thus the non-Markovian character of the corresponding dynamics of S . Such conclusions are corroborated by an analysis based on the measure for non-Markovianity proposed in Ref. [29] , where positivity of the quantity σ(t) = ∂ t ||ρ S ,1 (t) − ρ S ,2 (t)|| for a pair of states ρ S ,1(2) of the system witnesses dynamical non-Markovianity.
Here, we have introduced the trace-norm ||A|| = Tr[ √Â † A] of a generic matrix A [25] . In our experiment we have taken ρ S ,1 (0) = |+ S +| and ρ S ,2 (0) = |− S −|, a choice that guarantees the maximisation of σ(t) (and thus of the degree of non-Markovianity), which reads
Although the two criteria are in general inequivalent, for pure dephasing mechanisms the conclusions drawn from the assessment of non-divisibility of a map and the evolution of the trace-distance witness are identical [30] . The assessment of σ(t) should thus be taken as an important and interesting consistency check heralding the presence of memory effects. In Fig. 2 (c) we show that the experimentally inferred dephasing rate g(t) is in full opposition of phase with respect to the σ(t) calculated using the states of S reconstructed through experimental quantum state tomography. The agreement between experimental data and theoretical predictions allows us to claim that the deviation of the system's dynamics from a Markovian picture concurs to the experimental falsification of Eq. (3).
In this respect, it is interesting to notice that the reduced dynamics of the system (initialised in state |+ S ) is unable to violate the original LG inequality [14] when either |+ S +| or σ S x are chosen as observables and the environment is prepared in |θ = π/3 . In fact, while |+ S +| is unsuited for the violation of the original LG inequality regardless of the state of E, the second choice of observable would falsify any macro realistic picture (should the measurements ofσ S x be performed so as to fulfil the non-invasiveness requirements) for θ close to kπ/2 (with k ∈ Z).
A different picture is obtained when the interaction between S and E is sufficiently weak and the state of the latter sufficiently close to an eigenstate ofσ E z to guarantee Markovianity of the system's evolution. In line with the independence of L Q (t) from θ mentioned above, although a fully divisible reduced dynamics of the system is guaranteed (as signalled by γ + g(t) ≥ 0 and σ(t) ≤ 0 at all times of the evolution), the extended LG inequality remains violated without changes with respect to Fig. 2 (a) . Needless to say, non-Markovianity can no longer be linked to such a result, which must only be due to the occurrence of strong quantum coherence in the state of the system, unaffected by the (weak) interaction with E [31] . We have verified that, indeed, that under the assumption of non-invasive measurements and for θ = π/18, J = 30Hz, the original LG inequality would be violated, as shown in the Appendix.
We can gain additional insight in the behaviours shown experimentally in our analysis so far by addressing the formulation of LG arguments given in Refs. [32, 33] . There it was shown that testable LG-type inequalities can be obtained when assuming stationarity for the two-time correlation functions. This avoids the explicit assumption of non invasive measurability at the expense of implicitly assuming the evolution to be Markovian [12] . The evolution induced by this type of classical stochastic process constraints the conditional probability P(ζ, t 1 |ζ, t 0 ) to find the system in |ζ at time t 1 given that it was prepared in such state at time t 0 according to the set of inequivalent inequalities
Eqs. (8) hold under the additional assumption of timetranslational invariance of the conditional probabilities, which translates mathematically into P(ζ, t + t 0 |ζ, t 0 ) = P(ζ, t|ζ, 0), for any t 0 . Let us notice here that, owing to the way the various assumptions are typically intertwined in the derivation of LG-type inequalities, their violation forces a stochastic classical formalism to incorporate memory effects that mimic the quantum mechanical predictions. This can be seen as the analogous, in the temporal scenario, of the inclusion of nonlocal effects in hidden variables theories able to reproduce the quantum mechanical correlations of space-like separated subsystems [34] . Here, we are interested in the combination of the assumptions of Markovianity and time-translational invariance, whose validity implies the possibility to write classical rate equations for the populations of the set of macroscopic states that describe the system. The violation of Eq. (8) may thus imply the break-down of Markovianity of the system. We have embraced this approach in our study and considered experimentally the conditional probability P(+, t|+, 0) in regimes of non-Markovianity of the evolution (as addressed above). Quite remarkably, the inequality H 1 (t) ≥ 0 implies |L Q (t)| ≤ 1 (cf. Ref. [32] ). However, the second of Eqs. (8) is inequivalent to the others and may thus leads to violations in temporal regions where H 1 (t) is strictly positive and Eq. (1) holds. In Fig. 3 we have found that, indeed, across the whole temporal window explored in our experiment, one or both of Eqs. (8) are violated by the dynamics undergone by S ,consistently with the non-Markovian nature of the map. In agreement with our expectations, the temporal range within which H 1 (t) < 0 is larger than the one corresponding to a violation of Eq. (1).
We have addressed experimentally the dynamics of an open spin system affected by both a Markovian dephasing channel and a simple spin environment that induces strong non-Markovian features. Our experimental assessment is based on the violation of a suitable temporal Bell inequality that has been tested in a two-spin NMR setting. The full experimental control demonstrated over the evolution of the system at hand is sufficient to address non-Markovianity from a wide range of perspectives, ranging from the loss of divisibility of the system's dynamics to the back-flow of information from the spin environment. Our work is, to the best of our knowledge, the first experimental endeavour towards the assessment of temporal Bell-like inequalities as tools for the revelation of non-Markovian features in quantum evolutions, when subjected to proper caveats. These results open up interesting perspectives for the effective, non-tomographic characterization of dynamical evolution by combining tools of different nature. The establishment of a connection between the violation of macro realistic inequalities and non-Markovianity is tantalising. For instance, in the case of falsification of one of the inequalities addressed in our work, one could think to use independent information gathered on the non-Markovian nature of the evolution itself, much along the spirit of the investigation reported here, to pinpoint the role that quantum coherences have in such violation. 
APPENDIX
In this Appendix we provide further information on the experimental setup used for the demonstrated non-Markovian dynamics and address quantitatively the case of system's parameters such that a transition to Markovianity is induced by the increased influence of the natural dephasing mechanism affecting the system spin.
A. Derivation of the time-local map
We present the derivation of the general map and timelocal master equation describing the reduced dynamics of the system S . We will follow the approach discussed in Refs. [26, 27] . The map responsible for the evolution of the system, which we write formally as ρ S (t) = Φ[ρ S (0)], is given in Eq. (4) and can be represented as a matrix M Φ acting on the vector S = (ρ 00 ρ 01 ρ 10 ρ 11 )
T whose elements are the entries of the density matrix ρ S (t). We can decomposed such matrix using any suitable complete basis {χ i } i=0,...,4 as [27] [
where Φ[χ j ] is obtained using Eq. (4) with χ j instead of ρ S (0). Here, it is convenient to choose
is the set of Pauli matrices. Clearly, M Φ (t) is uniquely determined by the map (it does not depend on the initial system state ρ S (0)). In order to express the time-local master equation in the form ∂ t ρ S (t) =K(t)[ρ S (t)] (withK(t) a time-local superoperator), we call K(t) the matrix associated with K(t) and write
In our case, the inverse matrix M −1
Φ is straightforwardly evaluated and we obtain
By decomposing this matrix in the chosen basis, it is immediate to find
When the system's dephasing is included in the description of the evolution, the same procedure outlined above can be applied, leading directly to Eq. (5).
B. Further details on the experimental setup
The experiments were performed on a 13 C-enriched chloroform sample (CHCl3). The two-level systems used in our work have been encoded in the 1 H and 13 C nuclear spins. The sample was prepared by mixing 100 mg of 99% 13 C-labelled CHCl 3 in 0.7 mL of 99.8% CDCl 3 in a 5 mm NMR tube with both compounds provided by the Cambridge Isotope Laboratories Inc. The NMR experiments were carried out at 25
• C in a Varian 500 MHz Premium Shielded spectrometer located at the Brazilian Center for Research in Physics (CBPF, Rio de Janeiro) using a Varian 5 mm double resonance probehead equipped with a magnetic field gradient coil. The spin-lattice (spin-spin) relaxation times T 1 for the 1 H and 13 C nuclei, measured by the inversion-recovery pulse sequence (CPMG pulse sequence), were 3.57s and 10s (1.2s and 0.19s), respectively. The recycle delay was set at 90s in all experiments.
The nuclear spin Hamiltonian is given bŷ
is the spin angular momentum operator in the α, β = x, y, z direction for 1 H ( 13 C), φ H (φ C ) defines the direction of the rf field (pulse phase) and ω The first two terms in Eq. (A-5) describe the Zeeman interaction between the 1 H and 13 C nuclear spins and the main magnetic field B 0 . The corresponding frequencies are ω H /2π ≈ 500 MHz and ω C /2π ≈ 125 MHz. The third term is due to a scalar spin-spin coupling having coupling rate J ≈ 215 Hz. The fourth and fifth terms describe the precession induced by the rf field applied to the 1 H and 13 C nuclear spins, respectively. A time-dependent coupling of the nuclear spins with the environment that includes all fluctuating NMR interactions (such as 1 H-13 C dipolar spin-spin couplings and interactions with the chlorine nuclei) and accounting for the spin relaxation has also been considered in our treatment of the dynamics.
C. Quality of the experimental data
In this Section we address the quality of the data that we have measured in our experiments by addressing some significant figures of merit that show the high consistency between the data and our theoretical predictions.
We start assessing the closeness of the reconstructed S -E states to the expected ones. To this aim we use states fidelity Figure 4 : State fidelity between the experimentally reconstructed S -E states and their expected form. We have taken J = 215.16Hz with θ = π/3. The main panel shows the distribution of the values of the fidelity F sampled in steps of 0.2ms from time t i = 0 to the t f = 12ms of the evolution. Blue dots (Purple squares) show the fidelity corresponding to the system being initialised in |+ S (|− S ). Each inset shows the bar chart tomographies of selected states of the sample. We show the cases corresponding to t = 0 (leftmost inset), t = 2.2ms (central inset), and t = 12ms (rightmost one). In each inset, we show data corresponding to both preparations of the S spin. The left (right) column of each inset shows the experimental (theoretical) density matrices: for each preparation of S , the top (bottom) row shows the real (imaginary) part of the density matrix entries.
as defined in Ref. [35] and customarily used in NMR experiments with ρ 0,1 two density matrices. Using experimental two-qubit quantum state tomography in NMR systems [36] , we have reconstructed the density matrix of the system and environment spins at set values of the parameters θ, J and ω defining the evolution at hand. Fig. 4 shows the fidelity between theoretical and experimental density matrices corresponding to the data shown in Fig. 2 of the main text. The high quality of the experimental state is evident with fidelities well above 98.5% across the whole sample of reconstructed states and negligible differences between the two different initial preparations of the S spin. Data of similar quality are found for the various values of θ (at fixed value of J) that we have considered in our experiment, as shown in Fig. 5 . In this context, while conclusions analogous to those reported in the main text regarding the violation of the generalised LG inequality and the tomography of the master-equation hold basically unchanged, it is interesting to discuss further the case of θ = π/3, which has been extensively addressed in the main text, and briefly assess the case of θ = π/4. We complement the analysis reported in the main text regarding the case θ = π/3 by discussing briefly the relation between the function f (t) entering the reduced master equation for the S dynamics and σ(t). In Fig. 6 (a) , we plot both such functions against the evolution time t, showing that the onset of non-Markovianity, as given by the change of sign of σ(t) from negative to positive values, occur when f (t) achieves its minima.
For θ = π/4, the time-dependent coefficients entering Eq. (5) of the main text give have singularities at πJt = π/2 + kπ (k ∈ Z). Correspondingly, the quantity σ(t) that has been related to the measure of non-Markovianity based on the trace distance turns positive, therefore marking the nonMarkovian trend of the dynamical evolution of S . It is thus interesting to check that the experimental data are able to reveal such singular behaviour, as shown in Fig. 6 , where a perfect correlation between the divergence of the experimental values of g(t) and the change of sign from negative to positive of the inferred σ(t) is clearly observed. Notice the considerable growth of the amplitude of oscillation of σ(t) with respect to what is observed in the main text for θ = π/3.
As a final consistency test, we assess the relation between the transverse magnetisation and σ(t), thus linking an observable that is easily accessed to the occurrence of nonMarkovian features. In order to do this, we consider the values of σ(t) and σ − (t) (both real and imaginary part) corresponding to a given value of t, and plot them against each other for the preparation corresponding to |− S and θ = π/3 (a) (b) Figure 5 : Distribution of the values of quantum state fidelities between the theoretical and experimental S -E states corresponding to J = 216.06Hz and θ = π/6, π/4, π/3. We have studied the evolution up to t = 12ms by sampling the S -E states at steps of 0.2ms. Panel (a) and (b) show the fidelities corresponding to the preparations |+ S and |− S respectively.
(a) (b) Figure 6 : (a) Temporal behaviour of f (t) and σ(t) for J = 215.06Hz, θ = π/3 and S prepared in |− S . For convenience of comparison, we have shifted f (t) by a uniform amount. When f (t) reaches a minimum, σ(t) changes sign, thus marking the onset of nonMarkovianity. (b) Temporal behaviour of g(t) and σ(t) for J = 215.06Hz, θ = π/4 and S prepared in |− S . At times such that Jt = π/2 + kπ, the g(t) function diverges, marking the change in sign of σ(t), and thus the onset of non-Markovianity. A similar behaviour of g(t) is observed when S prepared in |+ S . In both panels, dashed and solid lines are theoretical expectations, while dots show the experimental data. in Fig. 7 . It is interesting to notice that, both being oscillating functions of time, σ(t) has twice the frequency of Re[ σ − (t) ] and Im[ σ − (t) ]. Only when the real (imaginary) part of the magnetisation achieves zero (its maximum value), σ(t) turns from negative to positive values (from the expression of η θ (t) given in the main text, it is straightforward to see that the real and imaginary part of the magnetisation are out of phase by π/2).
D. Transition to Markovianity
In this Section we address the case of experimental conditions such that the dephasing mechanism at rate γ in Eq. (5) of the main text is not negligible with respect to the S -E interaction. In our experiment we have found γ −1 150 × 10 −3 s measured by the so-called CPMG technique [39] . In order to make the dynamics of the system divisible, and thus Markovian, we need to ensure that the coefficients of the master equation Eq. (5) are positive, thus certifying divisibility of the corresponding map. At set values of J and γ (which are determined by the experimental conditions), this can be enforced by properly preparing the environment spin, i.e. by choosing θ judiciously. In fact, if the environment is prepared in an eigenstate ofσ E z , the S -E coupling is effectively turned off, thus leaving the system to the sole effect of the dephasing mechanism. One thus expect that, for θ sufficiently low, the system-environment interaction would not be able to overcome the Markovianity induced by the natural dephasing of the system. Such threshold in θ can be calculated by taking A Taylor expansion of g(t) in Eq. (6) of the main text and comparing it with the dephasing rate γ/2 in the system's time-local master equation. This leads us to the condition θ ∈ [−θ M , θ M ] with
A typical behavior of θ M for a small value of the coupling coefficient J is shown in Fig. 8 . A choice of θ = π/18, as in our experiment, guarantees that the coefficient of the reduced master equation are do not change sign as g(t) < γ/2 at all instants of time, in this case. This can be seen from (b), where we plotg(t) = γ/2 + g(t) for J = 30Hz, θ = π/18, γ −1 = 150ms. The divisibility of the associated dynamical map can then be confirmed by the negativity of the quantity σ(t) = ∂ t ||ρ S ,1 (t) − ρ S ,2 (t)|| used in the main text. This figure of merit, though, should be reformulated in order to take into account the effects of dephasing. Such reformulation is actually straightforward and leads us to In Fig. 9 (c) we have compared the behavior of σ γ (t) to the trend that we have inferred experimentally for a small coupling J = 30Hz and angle θ = π/18. As anticipated in the main text, the demonstrated Markovianity of the system's dynamics does not hinders the violation of the generalised LG inequality. Indeed, by following an approach similar to the one described in the main text but for the dephasing-affected correlation function, we get the behaviour shown in fig. 10 (a). Yet, the violation of the generalised LG inequality, in this case, cannot be ascribed to any non-Markovianity, but to the non-classical nature of the evolution of S . This can be demonstrated by assuming the possibility to measure the observableσ S x in a non-invasive way (which is not possible with the setup used in our experiment) and addressing the standard LG inequality [37] L(t) = C(t; 0) + C(2t; t) + C(3t; 2t) − C(3t; 0) ≤ 2 (A-9) with C(t 2 ; t 1 ) = σ S x (t 2 )σ S x (t 1 ) and t 2 > t 1 . The violation of this inequality implies the untenability of the assumptions of realism per se and non-invasive measurements [38] , which are well-accepted features of a fully classical theory. Fig. 10 (b) shows that, should the measurement ofσ S x be performed noninvasively, the evolution of the system's spin would be certified as non-classical, hence the falsification of the generalised inequality. 
